The well known Catalan numbers C n are named after Belgian mathematician Eugene Charles Catalan (1814-1894), who found them in his investigation of well-formed sequences of left and right parentheses. As Martin Gardner (1914 Gardner ( -2010 wrote in Scientific American [2] , they have the propensity to "pop up in numerous and quite unexpected places." They occur, for example, in the study of triangulations of convex polygons, planted trivalent binary trees, and the moves of a rook on a chessboard [1, 2, 3, 4, 6].
The Catalan numbers C n are often defined by the explicit formula C n = Consequently, the series ∞ n=0 1 C n converges. We evaluate this infinite sum using generating functions, plus fundamental tools from the differential and integral calculus.
Sum of the series
To this end, let f (x) be the generating function of the reciprocals of Catalan numbers,
. We compute the sum in three steps. First, we find an ordinary dif- 
We
, by the recurrence relation, this yields
This is a first-order differential equation for f (x) with the initial conditions
. This implies that
Multiplying (1) by g(x), we get
Using (2), this can be rewritten as
But, again using (2),
consequently,
where C 1 is a constant.
Letting x = u 2 , this implies that
where C 2 is another constant. Therefore, we have
,
When x = 1, this yields
Thus, the series 
Additional consequences of the differential equation
x n , it follows that
π.
Since the differential equation is infinitely differentiable, it follows from (1) that
This yields 3
this implies that
Differentiating (4) with respect to x, it follows similarly that f (1) = 2 f (1), so
Clearly, this technique can be employed to evaluate further sums of the form
where k ≥ 1.
Sum of the series
We now turn to to solving (1) for −4 < x < 0. We have
Letting x = −u 2 , this gives
where C 3 is a constant. Consequently, as before, we have
where C 4 is a nonzero constant. Since
Since f (−x) generates the alternating series
(−x) n C n for 0 < x < 4, setting x = 1 we get 
where φ is the well-known golden ratio 
